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Abstract. We show that the knowledge of the set of the Cauchy data on 
the boundary of a C 1 bounded open set in K™, n > 3, for the Schrodingcr 
operator with continuous magnetic and bounded electric potentials determines 
the magnetic field and electric potential inside the set uniquely. The proof is 
based on a Carleman estimate for the magnetic Schrodingcr operator with a 
gain of two derivatives. 



1. Introduction and statement of result 

Let Q C M. n , n > 3, be a bounded open set with C 1 boundary, and let u G C™(Q). 
We consider the magnetic Schrodinger operator, 

L A , q (x, D)u(x) := /XDj + A j (x)) 2 u{x) + q{x)u(x) 

= -Au(x) + A(x) ■ Du(x) + D ■ (A(x)u(x)) + ((A(x)) 2 + q(x))u(x), 

where D = z _1 V, A E L°°(fi,C ri ) is the magnetic potential, and q 6 L°°(Q,C) 
is the electric potential. Notice that here Au e L°°(Q,C n ) n £'(Q,C n ), and 
therefore, 

L A>g : C7 co (fi) -)• H^iW 1 ) n£'{£l) 

is a bounded operator. 

Let u G be a solution to 

L A ,qU = in Q, (1-1) 

in the sense of distributions. Denoting by v the unit outer normal to the boundary 
of Q, we can define the trace of d v u + %{A • v)u on dQ as an element of H' 1 ' 2 ^) 
as follows. Let g G H l l 2 (dVL). Then there is a continuous extension of g to Q, 
which belongs to and which we shall denote again by g. We set 

(d v u + i(A ■ u)u, g) 9Q := / (Vit -Wg + iA- (uVg - gWu) + (A 2 + q)ug) dx. 

Jn 

(1.2) 
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As u satisfies the equation (11. ip . the above definition of the trace of d u u + i(A-u)u 
on dfl is independent of the choice of an extension of g. 

We introduce the set of the Cauchy data for solutions of the magnetic Schrodinger 
equation in Q by 

Ca, q ■= {(u\ 9 Q, {d v u + i{A ■ v)u)\ m ) : u G H 1 ^) and L Aa u = in Q}. 

The inverse boundary value problem for the magnetic Schrodinger operator is to 
determine A and q in Q from the set of the Cauchy data Ca, q - 

As it was noticed in [17], there is an obstruction to uniqueness given by the 
following gauge transformation. Let ip G W 1 ' 00 ^). Then for any u G H 1 ^), we 
have 

e Lyi^e* u = La+^jp^u, 
in the sense of distributions. Furthermore, a computation using (II. 2p shows that 

(e~^(d u + i(A ■ u))^u, g) dn = ((d u + i(A + V^) ■ u)u, g) dn 

for any g G H 1/2 (dQ). Hence, if ^ G W hoo (Q) satisfies if)\ dn = 0, then 

Ca,<j = Ca+vv>,<?- (1-3) 

Thus, given the set of the Cauchy data Ca^ for the magnetic Schrodinger oper- 
ator, one may only hope to recover the magnetic field dA in Q, which is defined 
by 

dA= (d Xj A k — d Xk Aj)dxj A dx k 

l<j<k<n 

in the sense of distributions. Here A = (A±, . . . , A n ). 

As it has been shown by several authors, the knowledge of the set of the Cauchy 
data CA, q for the magnetic Schrodinger operator La , q determines the magnetic 
field and the electric potential in Q uniquely, under certain regularity assump- 
tions on A. In [TTJ, this result was established for magnetic potentials in W 2 '°°, 
satisfying a smallness condition. In [11], the smallness condition was eliminated 
for smooth magnetic and electric potentials, and for compactly supported C 2 
magnetic potentials and L°° electric potentials. The uniqueness results were sub- 
sequently extended to C 1 magnetic potentials in [TJJ], to some less regular but 
small potentials in [12], and to Dini continuous magnetic potentials in [14]. To 
the best of our knowledge, the latter result is the best one currently available, in 
terms of the regularity properties of magnetic potentials. 

The purpose of this paper is to extend the uniqueness result to the case of mag- 
netic Schrodinger operators with magnetic potentials that are merely continuous. 
Our main result is as follows. 

Theorem 1.1. Let Q C W 1 , n > 3, be a bounded open set with C 1 boundary, and 
assume that Ai,A 2 G C(Q, C n ) and q±,q2 G L°°(f2,C). If Ca iAi = CA 2 ,q 2 ; then 
dA\ = dA 2 and q\ = q 2 in Q. 
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The key ingredient in the proof of Theorem 11.11 is a construction of complex geo- 
metric optics solutions for the magnetic Schrodinger operator with a continuous 
magnetic potential. When constructing such solutions, we shall first derive a Car- 
leman estimate for the magnetic Schrodinger operator L^ q , with A G L°°(Q, C n ) 
and q G L°°(Q,C), with a gain of two derivatives, which is based on the cor- 
responding Carleman estimate for the Laplacian, obtained in [16]. To be able 
to proceed further with our construction, we also need to exploit a smoothing 
argument, for which it seems necessary to assume the continuity of A. 

Another important inverse boundary value problem, for which issues of the reg- 
ularity have been studied extensively, is Calderon's problem for the conductivity 
equation, see [I]. The unique identifiability of C 2 conductivities from boundary 
measurements was established in [TB]. The regularity assumptions were relaxed 
to conductivities having 3/2 + e derivatives in pQ, and the uniqueness for con- 
ductivities having exactly 3/2 derivatives was obtained in [13], see also [3J. In 
[7J, uniqueness for conormal conductivities in C 1+e was shown. The recent work 
[8] proves a uniqueness result for Calderon's problem with conductivities of class 
C 1 and with Lipschitz continuous conductivities, which are close to the identity 
in a suitable sense. 

The paper is organized as follows. Section [2] contains the construction of complex 
geometric optics solutions for the magnetic Schodinger operator with a continuous 
magnetic potential. Section [3] is devoted to the proof of Theorem 11.11 In the 
proof it becomes essential to determine the values of the tangential component 
of the magnetic potential on the boundary. This boundary determination result 
has been obtained in [2] for continuous magnetic potentials and C 1 domains, 
under the assumption that zero is not a Dirichlet eigenvalue for the magnetic 
Schrodinger operator in Q. Here we no longer assume that the Dirichlet problem 
is well posed, and to that end, in Section [4] we show how to adapt the method of 
[2] to the present general situation. 

2. Construction of complex geometric optics solutions 

Let Q C M n , n > 3, be a bounded open set. Following [5j CD], we shall use the 
method of Carleman estimates to construct complex geometric optics solutions 
for the magnetic Schrodinger equation L^qU = in Q, with A G C(f2, C n ) and 
q G L°°(n,C). 

Let us proceed by recalling a Carleman estimate for the semiclassical Laplace 
operator — h 2 A with a gain of two derivatives, established in [16], see also [TO] . 
Here h > is a small semiclassical parameter. Let Q be an open set in M. n such 
that Q CC Q and <p G C°°(fi,IR). Consider the conjugated operator 

P v = e %(-h 2 A)e-% 
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and its semiclassical principal symbol 

^(^,0 = e 2 + 2^V^-e-|V^| 2 , xGft, £GM n . 
Following [10], we say that if is a limiting Carleman weight for —h 2 A in Q, if 



t|lHl»CB») < C\\e^ h {-h 2 A)e-^ h u\\ HLim , C > 0, (2.1) 



V<£> 7^ in f2 and the Poisson bracket of Rep^ and Imp^ satisfies, 

{Rep^, 1mp v }(x, = when ^(x, = 0, (x, ()gOx ]R n . 

Examples of limiting Carleman weights are linear weights <p(x) = a ■ x, a G M n , 
| a | = 1, and logarithmic weights f(x) = log \x — xo\, with i ^ ^- In this paper 
we shall only use the linear weights. 

Our starting point is the following result due to [16J. 

Proposition 2.1. Let if be a limiting Carleman weight for the semiclassical 
Laplacian on Q, and let ip £ = (p + 7^(p 2 . Then for < h <C e <C 1 and s G R, we 
have 

_h 

for allue C^(Q). 
Here 

\\u\\h Li ^ } = \\{hD) s u\\ L 2 m , (0 = (1 + l^l 2 ) 1 / 2 , 

is the natural semiclassical norm in the Sobolev space H S (W 1 ), sGt. 

Next we shall derive a Carleman estimate for the magnetic Schrodinger operator 
L A , q with A G L°°(fi,C n ) and q G L°°(ft,C). To that end we shall use the 
estimate ( 12. ip with s = — 1, and with e > being sufficiently small but fixed, i.e. 
independent of h. We have the following result. 

Proposition 2.2. Let ip G C°°(Q,M.) be a limiting Carleman weight for the 
semiclassical Laplacian on Q, and assume that A G L°°(Q, C n ) and q G L°°(Q, C). 
Then for < /i <C 1, we /icwe 



h\\u\\ HURn) < C\\e^h 2 L Aq )e-^ h u\\ H - hRn) , (2.2) 



/or aZiu G C °°(^). 



Proof. In order to prove the estimate (12. 2p it will be convenient to use the fol- 
lowing characterization of the semiclassical norm in the Sobolev space H~ 1 (W L ), 

ii ii f0 o\ 

where (•, is the distribution duality on M n . 
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Let Lp £ = (f + Tpf 2 be a convexified weight with e > such that < /i <C £ < 1, 
and let u G C£°(fi). Then for all ^ -0 G C °°(M n ), we have 



1 + -(f 



dx 



\(e^ /h h 2 A- D(e-^/ h u )^) Rn \ < 

< 0{h)\\u\\ H ij Kn) \\ij\\ H i ciiMn) . 

We also obtain that 

\(e^ /h h 2 D-(Ae-^ /h u),^) Rn \ < [ \h 2 Ae~^ th u ■ D(e^ /h ^)\dx 

< 0(h)\\u\\ H i ci{Rn) \\i/j\\ H i ci{Rn) . 

Hence, using (I2.3p . we get 
\\e^ /h h 2 A- D(e-^ /h u) + e^ /h h 2 D ■ (Ae^ /h u)\\ Hz i {Rn) < 0(h)\\u\\ HLi{Rn) . (2.4) 

Notice that the implicit constant in (12 .4p only depends on HAH^oo^, ||y?IU°°(Q) 
and ||-Dy ||L°°(f2)- Now choosing e > sufficiently small but fixed, i.e. independent 
of h, we conclude from the estimate (12 .ip with s = — 1 and the estimate (12 .4p 
that for all h > small enough, 

\\e^ /h (-h 2 A)e-^ /h u + e^ /h h 2 A ■ D(e~^ /h u) + e^ /h h 2 D ■ (Ae-^ /h u)\\ H -i {Rn) 



- ^IMItf^cK")' c>o. 



(2.5) 



Furthermore, the estimate 



\\h (A +q)u\\ H -i {Rn) < 0(h )\\u\\ H i ci{Rn) 

and the estimate (12. 5p imply that for all h > small enough, 

h 

-l (R n) > £\\u\\ H lJ Rn) , 



e^/ h (h 2 L A>q )e-^ h u\\ H - hRn) > hu\\ H . (Rn) , C > 0. 



Using that 
we obtain (|2.2j) . The proof is complete. 



□ 



Let G C°°(f2, M) be a limiting Carleman weight for —h 2 A. Then we have 



(L<pii, u) n = (u, L*v} Ul m,d6 C~(fi), 



of Ltp. We have 



where L v = e^ h (h 2 L Ayq )e-^ h and L* = e-^ h (h 2 L^q)e^ h is the formal adjoint 



L* v : L7 °°(fi) -> if _1 (M n ) n £'(0) 
is bounded, and the estimate (12. 2p also holds for L* 
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To construct complex geometric optics solutions for the magnetic Schrodinger 
operator we need to convert the Carleman estimate (12.21) for L* into the following 
solvability result. The proof is essentially well-known, and is included here for 
the convenience of the reader. We shall write 



,, I, \( v ^)n\ 
W v \\H-}{n) = SU P TTm] • 

Proposition 2.3. Let A E L°°(fl,C n ), q E L°°(Ct,C), and let ip be a limiting 
Carleman weight for the semiclassical Laplacian onQ. If h > is small enough, 
then for any v E , there is a solution u E of the equation 

e <f / h (h 2 L A>q )e- tp/h u = v in Q, 

which satisfies 

II II <r C \\ II 

Proof. Let v E if and let us consider the following complex linear functional, 



L : L;C °°(Q) -)■ C, L*w^(w,v) 



Sl- 



ip u \ J > ip 

By the Carleman estimate ( 12.2ft for L* the map L is well-defined. Let io G 
Cg°(ft). Then we have 

\ L ( L lw) \ = Kw,u)n| < IMIi&CR'jIMIiQ^n) 

C 

By the Hahn-Banach theorem, we may extend L to a linear continuous functional 
L on _f/" -1 (]R n ), without increasing its norm. By the Riesz representation theorem, 
there exists u E fl' 1 (R n ) such that for all ij) E H~ l (W l ), 

~ C 

L(ip) = (ip,u) K n, and Hls^n) < v-N| H -i(n)- 

Let us now show that L v u = v in Q. To that end, let w E C^°(Q). Then 



(L ip u,w} n = (u,L* v w) R n = L(L* v w) = (w,v} n = (v,w) Q . 
The proof is complete. □ 



Our next goal is to construct complex geometric optics solutions for the magnetic 
Schrodinger equation 

L Aq u = in tt, (2.6) 
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with A G C(fi, C n ) and q G L°°(f2, C), using the solvability result of Proposition 
12.31 and a smoothing argument. Complex geometric optics solutions are solutions 
of the form, 

u(x, C; h) = e x </ h (a(x, C; h) + r(x, C; /i)), (2.7) 
where £ G C n , C " C — 0) Kl ~ 1; a is a smooth amplitude, r is a correction term, 
and h > is a small parameter. 

First, an application of the Tietze extension theorem allows us to extend A G 
C(Q,C n ) to a continuous compactly supported vector field on the whole of M. n . 
We consider the regular izat ion A$ = A * ^ T G C^°(M ri , C n ). Here r > is small 
and W T (x) = r" n ^(x/r) is the usual mollifier with * G Co°(M n ), < * < 1, and 
/ *cfe = 1. 

We have the following estimates, 

||A-A*|| i =c (R n ) = o(l), r^O, (2.8) 
||9 Q A tt ||ioo (Rre) = 0(r _|a| ), r-K), for all a, |a| > 0. (2.9) 

It will be convenient to introduce the following bounded operator, 

m A : H\tt) H~\tt), m A (u) = D • (Au), 
where the distribution rriA(u) is given by 

(m A (u),v)n = - Au - Dvdx, v G C™(Q). 
Jq 

Let us conjugate h 2 LA, q by e x '^^ h . First, let us compute e~ x ' C 'l h o h 2 mA ° e x ' ( '^ h . 
When u G H l (Q) and u G C£°(fi), we get 



(e- x</h h 2 m A {e x</h u),v) n = - \ h 2 Ae x</h u ■ D(e~ x</h v)dx 

i 

(hi( ■ Auv + h 2 Au ■ Dv)dx, 



and therefore, 

e~ x</h o h 2 m A o e x ' f/h = -hi( ■ A + h 2 m A . 
Furthermore, we obtain that 



e 



-x-C/h 



o (-/i 2 A) o e x</h = -h 2 A - 2ih( ■ D, 



e -x</h o h 2 (A ■ D) o e x ' c/h = h 2 A ■ D — hiC, ■ A. 

Hence, we have 

e- x</h h 2 oL Aq o e x</h = -h 2 A- 2ih( -D + h 2 A-D — 2hi( ■ A + h 2 m A + h 2 (A 2 + q) . 

(2.10) 

In this paper we shall work with ( depending slightly on h, i.e. C = Co + Ci 
with ( being independent of h and (j = 0(h) as h — > 0. We also assume that 
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I Re Co I — |I m Co| — 1- Then it will be convenient to write ( I2.10p in the following 
form, 

e - x</h h 2 o L A , q o e x</h = -h 2 A- 2ih( ■ D - 2ihd ■ D + h 2 A ■ D — 2/i< ■ A i 

- 2hi( • (A - A*) - 2/iz'Ci • A + h 2 m A + h 2 (A 2 + q). 

In order that ( 12. 7p be a solution of ( 12. 6p . we require that 

Co -Da + Co -A»a = in M n , (2.11) 

and 

e- x</h h 2 L Aq e x< / h r = -(-h 2 Aa + h 2 A ■ Da + ^(a) + ^ 2 (^ 2 + q)a) 

+ 2ihd- Da + 2hi( - (A- A t )a + 2hi( 1 - Aa=: g in fi. ^ 2 ' 12 ^ 

The equation (12. lip is the first transport equation and one looks for its solution 
in the form a = e*", where $^ solves the equation 

Co • V$ tt + < • A i = in R n . (2 A3) 

As Co 'Co = and | Re Co I = l im Co| = 1, the operator N^ Q := Co - V is the <9-operator 
in suitable linear coordinates. Let us introduce an inverse operator defined by 

, = ir & rim® e 

We have the following result, see [HI Lemma 4.6]. 

Lemma 2.4. Let f G W k ' oc (W l ), k > 0, with supp (/) C B(0,R). Then $ = 
N^f G W k >°°(R n ) satisfies iV Co $ = / in R n , and we have 

\\®\\w k '°°(MP) < C||/|| 

(2.14) 

where C = C(R). If f e C (R n ), then $ G C(R n ). 

Thanks to Lemma El the function ¥(x,(o]t) = iV^ 1 (-iCo ■ A^) G C°°(M rt ) 
satisfies the equation ( 12. 13h . Furthermore, the estimate f]2. 91) implies that 

\\d a &\\ L ™ m < C a T~\ a \ for all a, \a\ > 0. (2.15) 

It follows from (EHD and (l2~T4j) that $ tt (x,Co; r) converges uniformly in R n to 
$(x, Co) := N£(-iCo ■ A) G C(R n ) as r ^ 0. 

Let us turn now to the equation (12.121) . First notice that the right hand side g of 
(I2.12p belongs to if _1 (f2) and we would like to estimate ||fli|#-i(m- To that end, 
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let ^ V e Cg°(fl). Then using f[2TT5]) and the fact that Ci = 0(h), we get 

\(h 2 Aa,i;)a\ < 0(h 2 /r 2 )M LHn) < 0(h 2 /r 2 ) Mh U ^ 
\(h 2 A-Da,i'h\<0(h 2 /r)\\^\\ HLi{n) , 
\{2ih& ■ Da,tf>) a \ < 0(h 2 /r)\\if>\\ HM , 
\(2hiCi-Aa,i;) Q \<0(h 2 )U\\ HLi(n) . 

With the help (I2T5]) . f[2T9]) . and f[2TT5]) . we obtain that 



/i 2 A tt a • Dijjd 



x 



+ 



< 



h 2 (A - A^a ■ Dipdx 
0{h)\\A-A%~\\a\\ L ~\\hD$\\v {Q) 



h 2 D • (A"a) • tpdx 

< (0(h 2 /r) + O(h)o T ^ (l 

Using (EU) and f |2TT5|) . we have 

\(2hi( ■ (A - A#)o, < 0(^)0^0(1)11^11^^. 

Combining the estimates above and the estimate ||/i 2 (A 2 + g) a lli 2 (n) < 0(h 2 ), we 
conclude that 

,2 / 2 



<?lk-^)< o(/*70 + o(fc)oMo(i). 



Choosing now r = h a with < a < 1/2, we get 

\\9\\ H -l(n) = °( h ) as h->0. 



(2.16) 



Thanks to Proposition 12.31 and f)2.16p . for h > small enough, there exists a 
solution r £ if 1 (f2) of ( 12 . 1 2 j) such that \\r\\ H i (q) 



o(l) as /i -> 0. 



Summing up, we have proved the following result. 



Proposition 2.5. Let f2 C W 1 , n > 3, be a bounded open set. Let A £ C(f2, C n ), 
q £ L°°(£l, C), and let £ £ C n be such that ( ■ ( = 0, C = Co + Ci Co being 
independent of h > 0, | Re Co I — |I m Co| — 1> an d Ci — C(^) as h ^ 0. Then for 
all h > small enough, there exists a solution u(x,£;h) £ H 1 ^) to the magnetic 
Schrddinger equation La a u = in Q, of the form 



u 



x,C,h) = e x </ h (e^^ + r(xX;h)). 



The function ¥ (• , Co; h) £ C°°(M n ) satisfies H^^H^^n) < C a h~ a ^, < a < 
1/2, for all a, \a\ > 0, and &(x, Co! h) converges uniformly in M. n to $(-,Co) : = 
N^i-Ko-A) £ C(R n ) ash^O. Here we have extended A toaC (R n , C n )-vector 
field. The remainder r is such that \\r\\ H i 



L cl(^) 



oil) as h -»■ 0. 
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3. Proof of Theorem 11.11 

The first step is the derivation of an integral identity based on the fact that 
— Cvt 2 ,<? 2 ' see a ^ so [HI Lemma 4.3]. 

Proposition 3.1. Let Q C M. n , n > 3, be a bounded open set with C l boundary. 
Assume that A 1 ,A 2 E L°°({l,C n ) andq 1 ,q 2 E L°°(fi,C). If C Al , qi = C A2m , then 
the following integral identity 

I i(Ax - A 2 ) ■ (miVm^ - U2~Vui)dx + / (A\ - A\ + qt - q 2 )u l u 2 'dx = (3.1) 
Jn Jn 

holds for any u±,u 2 E H 1 ^) satisfying L Aiqi Ui = in Q and L-^-^al 2 = in fl, 
respectively. 

Proof. Let ui,u 2 E be solutions to L AliQl ui = in Q and 

Ljr 2m u 2 = in J), (3.2) 

respectively. Then the fact that C AltQl = C A2m implies that there is v 2 E if 1 (f2) 
satisfying L A ^ m v 2 = in Q such that 

U\ = v 2 and d v U\ + i(A\ • v)u x = d u v 2 + i(A 2 ■ u)v 2 on dVL. 

In particular, 

{d u u x + i(Ai ■ v)ui,Ti£) d n = (d u v 2 + i(A 2 ■ v)v 2 ,u^) 9 q. (3.3) 
It follows from (O) and (E2D that 

(d v v£-i{A 2 -v)ui,9)dci= / (VHi- Vg-iA 2 - (v^g-g^Tfi) + (Al + q 2 )Thg)dx, 

Jn 

(3.4) 

for any g E iJ 1 (fi). Using (II. 2ft and (13 .4D . we obtain that 

(d u v 2 + i(A 2 ■ v)v 2 ,u^) m = (d v ui-i(A 2 ■ v)u^,v 2 )qq = (d v u 2 '-i(A 2 ■ i/)uj, Ui) 9n . 

(3.5) 

In the last equality we have also used that u\ = v 2 on dQ. Combining (13. 3p and 
(13.51). we get 



{d v u-i_ + i(A 1 ■ u)ux, u 2 ) dn = (d u u 2 - i(A 2 ■ v)u 2 ,u 1 ) d n, 
which shows the identity (13.11) . The proof is complete. □ 

The second step is the determination of the boundary values of the tangential 
components of the magnetic potentials. First of all, we may assume without loss 
of generality that the normal component of Aj satisfies Aj ■ v = on dQ, j = 1, 2. 
Indeed, as dQ E C 1 , by [9l Theorem 1.3.3], there is ipj E C 1 (r2) which satisfies 
ipj = on dQ and (Aj + V^) • v = on dQ, j = 1, 2. Hence, it follows from (II. 3p 
that Aj can be replaced by Aj+'Vipj, j = 1, 2. Furthermore, by Proposition 14. 1 1 in 
Section [4] applied to each connected component of Q, we conclude that A\ = A 2 
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on dQ. This allows us to extend A\ and A 2 to M. n so that the extensions, which we 
shall denote by the same letters, agree on E n \f2, and satisfy Ai,A 2 G C (M n , C"), 
j = 1,2. We also extend qj, j = 1, 2, by zero to lR n \ Q. 

The next step is to use the integral identity fl3.ll) with u\ and u 2 being com- 
plex geometric optics solutions for the magnetic Schrodinger equations in Q. To 
construct such solutions, let £,/ii,/i 2 G M" be such that = |/i 2 | = 1 and 
Hi ■ fi>2 = Hi ■ (, = 1^2 ■ (, = 0. Similarly to [IT], we set 

Ci = ^ + ^i + ^l-^ 2 ^2, C 2 = -^-^i + ^l-^ 2 ^2, (3.6) 

so that Q ■ Q = 0, j = 1, 2, and (Ci + (2)/h = i£. Here /i > is a small enough 
semiclassical parameter. Moreover, (i = ni+iji 2 +0{h) and £2 = — jii+ijji 2 +0{h) 
as h — )• 0. 

By Proposition |231 for all h > small enough, there exists a solution wi(x, Ci; ^) G 
if x (f2) to the magnetic Schrodinger equation Al U\ = in Q, of the form 

ui(x, Ci; fc) = V 5 ^^ + n(x, Ci; ^)), (3.7) 

where $}(-,/ii + i/i 2 ; /i) G C°°(IR n ) satisfies the estimate 

\\d a <S>[\\ L oo m < C a h~°\ a \ 0<a< 1/2, (3.8) 

for all a, \a\ > 0, §\(x, fii + ifi 2 ; h) converges uniformly in M. n to &i(x, fii + ifi 2 ) '■— 
N-^ im {-i(ni + m) ■ A x ) G C(R n ) as h 0, and 

INItfi cl (n) = o(l) as /i-^0. (3.9) 

Similarly, for all /i > small enough, there exists a solution u 2 (x, ( 2 ;h) G if *(f2) 
to the magnetic Schrodinger equation L^—u 2 = in Q, of the form 

U 2 (x, ( 2 ; h) = e *-C 3 /h( e *S(*.-w-HM a ;fc) + ^ ^ ^ (3 1Q ) 

where $ 2 (-, — £*i + ^2] h) G C°°(M n ) satisfies the estimate 

||<9 a $ 2 || LOO(H «) < C a /i- ff|Q| , 0<ct<1/2, (3.11) 

for all a, |a| > 0, $ 2 (x, + ZyU 2 ; /i) converges uniformly in R n to & 2 (x, —fii + 
i> 2 ) := A^+^H^i + ^2) • ^) G C(M n ) as /i -)• 0, and 

11^11^(0) =o(l) as h->0. (3.12) 

Next we shall substitute ui and u 2 , given by f)3.7p and (13.101) . into the integral 
identity (13.11) . multiply it by h, and let h — > 0. To that end, we first compute 

+ /ie lx -«(e*i Ve** + e^Vri + nVe*' + nVri). 



12 KRUPCHYK AND UHLMANN 

Using the estimates (13.81) . (13.91) . A3. 11 j) and (13 . 1 2j) . we obtain that 
i{At - A 2 ) ■ £ 2 ~e ix <(e^r 2 - + ne*" + r l r^)dx\ 



< c\\a x - A 2 ||x-(||e*! \wmw + WAWW^W + INUHNM = 

as h — y 0. Furthermore, 

| f M(A 1 - A 2 ) • e te ' { (e**iVe*S + e *? Vr^ + nVe*' + nVf£)da;| 

< 0(h)(h~ a + /T^l) + o(l)h~ a + o(l)/i~ 1 ) = o(l), 
as h — > 0. Here < a < 1/2. We also have 

\h [ {A\ -A\ + qi - q 2 )e lx <(e^ + e«% + ne $ " + r^)dx\ = O(h), 
Jn 

as h — > 0. Hence, substituting ui and it 2 , given by (13. 7p and (13. lOj) . into the 
integral identity (13. ip . multiplying it by h, and letting h — >■ 0, we get 

(Aii + ifi 2 ) • [{Ai- A^e^e^'^^+^-^^dx = 0, (3.13) 
Jn 

where 

$i = ^"W-^i + «>») • ^i) e C '( Rn )> 
$2 = NZ^i-ii-vn + z> 2 ) • 3£) G C(R-). 

Recalling that A x = A 2 on M n \ f2, we may replace the integration in (13.131) over 
Q by an integration over all of M n so that 



(/ii + ifi 2 ) 



■ [ {A x - A 2 )e ix< e^ x ^ +l ^ )+ ^-^ +i ^ ) dx = Q. (3.14) 



The next step is to remove the function e* 1+ * 2 in the integral (I3.14p . First using 
the following properties of the Cauchy transform, 



N^f = Nff, NZ 1 c f = -N^ 1 f, 

we notice that 

<S> 1+ W 2 = N-^J-i^ + i/ia) ■ (A, - A 2 )). (3.15) 

We shall next need the following result, which is due to [6], see also |15j . 

Proposition 3.2. Let £,/ii,yU 2 e M n 6e suc/j that = |/x 2 | = 1 and \i 2 = 
= //2-f = 0. Lei H/ e C (R", C n ) and = N'^i-ifa +z> 2 ) • W). 77ten 

(/i! + z/i 2 ) • / H/(x)e ix V (a;) d:r = + z/i 2 ) • / H/(x)e" ? dx. (3.16) 
</r™ Jr™ 
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Proof. By a standard approximation argument, it suffices to prove (13.161) for 



W e C™(R n ,C n ) and 



N- 1 + ^(-i( l x 1 + in 2 )-W)eC°°(W l ). 



(3.17) 



We can always assume that ji\ = (1,0,..., 0) and \i 2 = (0, 1, 0, . . . , 0), so that 
£ = (0,0,0, i" e Rn " 2 ; an d therefore, 

{d Xl + td X2 )<j) = -zifi! + i(i 2 ) ■ W in R n . 
Hence, writing x = (x',x"), x' = (xi,x 2 ), x" G IR n ~ 2 , we get 

(Mi + m) ■ [ W(x)e ix< e^ x) dx = i [ e ix "*"e^ x \d xi + id X2 )<f>{x)dx 



where 



h(x" 



[ (d Xl + id X2 )e^dx' = lim [ (d Xl + id X2 )e^dx' 

JR2 R -^°°J\x'\<R 

e ^\u 1 + zu 2 )dS R (x'). 



lim 

R— >oo 



x'\=R 



Here v = {v\^v 2 ) is the unit outer normal to the circle \x'\ = R, and we have 
used the Gauss theorem. 

It follows from (13.171) that \<j)(x',x")\ = 0(l/\x'\) as \x'\ — > oo. Hence, we have 



e<i> = 1 + 6 + O 



+ 0(\x 



/l — 2> 



as \x — >■ oo. 



Since 



(z/i + iv 2 )dS R (x') 



\x'\=R 



0(\x'\- 2 ){u l+ iu 2 )dS R (x') 



(d Xl +d X2 )(l)dx' = 0, 

\x'\<R 

< OiR' 1 ) as i? ^ oo, 



'\x'\=R 

we obtain that 



h(x") — lim / (j)(x)(ui + iis 2 )dSn(x') = lim / (c^ + id X2 )(J)(x)dx' 

R -^°°J\x'\=R R -^°°J\x'\<R 

— — + ifi 2 ) ■ W(x)dx', 

which shows the claim. The proof is complete. 



□ 
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Combining Proposition 13.21 with f l3.14|) and A3. 15j) . we get 

(Hi + W)- [ (A 1 (x)-A 2 (x))e ix< dx = 0. (3.18) 

The next step is to derive from (13. 18[) that dA\ = (IA2 in MP. While this step 
is well-known, see [T4"t Lemma 4.8], we present it here for completeness and for 
convenience of the reader. 

Proposition 3.3. Let W G C (M n ,C"). Assume that 

(pi + ¥2) ■ \ W{x)e ix< dx = 0, (3.19) 

whenever fi±, \i 2 G IR n are such that = | /X2 1 = 1 and fii ■ fi 2 = fit •£ = /i2 •£ = 
0. Then dW = in W\ 

Proof. It follows from (13.191) that 

li.W(g) = Q (3.20) 

whenever fi G 1R™ is such that /x • £ = 0. Here W is the Fourier transform of W. 
Let fijk(£) = Cj e k — ik^j for j 7^ k. Then • £ — 0, and therefore, (13.201) 

implies that 

Hence, d Xj Wk — d Xk Wj = in IR n in the sense of distributions, for j 7^ k. The 
proof is complete. 

□ 

By Proposition 13.31 we conclude from ( 13. 18ft that dA\ = dA 2 in IR n . Therefore, 
Ay - A 2 = Vip in R n , with some ip G C%(R n ). 

Next we would like to show that q± = q 2 in Q. To that end, we first want to 
add Vip to the potential A 2 without changing the set of the Cauchy data. When 
doing so, it will be convenient to work on a large open ball B such that Q CC B 
and supp (ip) C B. We shall need the following result, see [HJ Lemma 4.2]. 

Proposition 3.4. Let Q C R n be a bounded open set with C 1 boundary, and 
let B be a open ball in R n such that Q CC B. Let A U A 2 G L°°(B,C ), and 
qi,q 2 G L°°(B,C). Assume that 

Ay = A 2 and qi = q 2 in B\ Q. 

IfCA 1>qi = Ca 2 ,? 2 then C' Ai qi = C' A2 q2 , where C' A . q . is the set of the Cauchy data 
for L AjtQj in B, j = 1,2. 
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Proof. Let u[ G H X (B) be a solution to LA 1>qi u' 1 = in B. As Ca iAi = CA 2 ,q 2 i 
there is u 2 G H l (Q) satisfying L,A 2 ,q 2 u 2 — in Q such that 

u[ = u 2 and d u u[ + i{A\ • v) r a 1 = d v u 2 + i(A 2 ■ v)u 2 on dQ. 

Here v is the unit outer normal to dQ. Setting 

u 2 in f2, 
m' x in B\Vt, 



i 

u 



2 



and using the fact that dQ is C l , we see that u' 2 G H 1 (B). Furthermore, for 
V' G Cfi°(B), we get 

(L A2iq2 u' 2 ,ip) B = / (Vw 2 ■ + A 2 • (£>w 2 )^ - A 2 w 2 ■ £ty + (A 2 2 + q 2 )u 2 ifj)dx 
Jn 

+ / (Vm'j • + Ai ■ (^S)^ - Aim; • Dip + (A\ + qju'^dx 

= (d u u 2 + i(A 2 ■ u)u 2 , 4>)dn - (<Wl + • ij) dn = 0, 
which shows that C' A „ C C" 4 „ . The same argument in the other direction 

-^ljyl 7*2 5 y2 ° 

gives the claim. □ 
Using Proposition 13.41 the fact that ip\dB = 0, and (jl.3p . we obtain that 

Thus, by Proposition 13. II we obtain the integral identity 03. ip . which in our case 
takes the following form, 

/ (<?i - q2)u 1 u^dx = 0, (3.21) 
J B 

for any ui,u 2 G H l (B) satisfying La 1 , Qi ui = in B and L^-^m 2 = in B, 
respectively. 

Let us choose U\ and u 2 to be the complex geometric optics solutions in B, 
given by ( 13. 7ft and (13.101) . respectively. Notice that in our case, in the defini- 
tion (13.101) of u 2 , the function Q 2 (x, — //i + ifi 2 ;h) converges uniformly in R n 
to A r r^ 1+ j M2 (— i(— /ii + «/i 2 ) ■ Ai) as /i — > 0. Hence, it follows from ( 13 . 151) that 

(x, /ii + i/i 2 ; h) + $ 2 (x, — /ii + i/i 2 ; /i) converges uniformly in M™ to as /i — > 0. 

Plugging ^! and u 2 in (13.211) gives 

/ (<7i - g^e^e^+^cfe = - / (g x - g 2 )e ix ^(e**f 2 " + ne*" + r^dx. 

J B J B 

Letting ft, -+ 0, and using (l3T5]l . (I3~9|) . (l3~Tll . and (l3~12|) . we get 

/ (?i - <? 2 )e" *dx = 0, 
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and therefore, q± = q 2 in Q. The proof of Theorem II .11 is complete. 

4. Boundary determination of the magnetic potential 

When recovering the magnetic potentials in Theorem II. 1[ an important step 
consists in determining the boundary values of the tangential components of the 
magnetic potentials. The purpose of this section is to carry out this step by 
adapting the method of [2]. Compared with the latter work, here we do not 
assume that the Dirichlet problem for the magnetic Schrodinger operator in Q is 
well posed. 

To circumvent the difficulty related to the fact that zero may be a Dirichlet 
eigenvalue, we shall use the solvability result for the magnetic Schrodinger oper- 
ator given in Proposition I2.3[ which is based on a Carleman estimate. We have 
learned of the idea of using a Carleman estimate to handle the case when zero is 
a Dirichlet eigenvalue from the work [16] on the Dirac operator. 

The following proposition is an extension of the result of [2] in the sense that the 
well-posedness of the Dirichlet problem for the magnetic Schrodinger operator in 
Q is no longer assumed. 

Proposition 4.1. Let Q C M. n , n > 3, be a bounded domain with C 1 boundary, 
and let Aj £ C(Q, C n ) and qj £ L°°(f2, C), j = 1, 2. Assume that Ca 1 , Qi = CA 2 , q2 - 
Then r ■ (A\ — A 2 )(xq) = 0, for all points x$ £ dQ and all unit tangent vectors 
reT X0 (dQ). 

Proof. We shall follow [2] closely. First an application of Proposition 13.11 allows 
us to conclude that following integral identity holds, 

/ i(Ai - A 2 ) ■ (uiVn^ - u^Vu^dx + / {A{- A 2 2 + q ± - q 2 )u 1 u 2 ~dx = 0. (4.1) 
Jn Jn 

Here u±, u 2 £ satisfy L Ai qi ui = in Q and L^-^u 2 = in fl, respectively. 

The idea now is to construct some special solutions to the magnetic Schrodinger 
equations, whose boundary values have an oscillatory behavior while becoming 
increasingly concentrated near a given point on the boundary of Q. Substituting 
these solutions in (14.1 j) will allow us to recover the tangential components of the 
magnetic potentials along the boundary. 

As Q is a C 1 -domain, it has a defining function p £ C 1 (lR n ,lR) such that Q = 
{x £ M n : p(x) > 0}, <9f2 = {x £ R n : p(x) = 0}, and Vp does not vanish on <9f2. 
We fix xq £ dQ, and a unit vector r, which is tangent to dQ at xq. We normalize 
p so that Vp(xo) = —v(xq) where v is the unit outer normal to dQ. By an affine 
change of coordinates we may assume that xq is the origin and v(xq) = — e n , and 
therefore, Vp(0) = e n . 



DETERMINING A MAGNETIC SCHRODINGER OPERATOR 17 

Let u(t), t > 0, be a modulus of continuity for Vp, which is an increasing 
continuous function, such that w(0) = 0. Let t] G C£°(M n ,R) be a function such 
that supp (77) C 5(0, 1/2), and 

r](x',0) 2 dx' = 1, 

n— 1 

where 5(0, 1/2) is a ball of radius 1/2, centered at 0, and x' = (xi, . . . , x n -i). 
We set t]m(x) = r)(Mx',Mp(x)), for M > 0. Hence, for M > large enough, 
supp (r] M ) C 5(0, 1/M). Following [2], for iV > 0, we define v by 

v (x) = r ]M (x)e N ^ x - p ^. (4.2) 

The function tj is of class C 1 with supp (v ) C 5(0, 1/M). Following [2], we 
relate the large parameters N and M by the equation 

M~ 1 u(M~ 1 ) = N' 1 . (4.3) 

Since u(t) -> as t -> +0, there is M such that ^(M" 1 ) < 1 for M > M . We 
shall assume that M > Mo and therefore, N > M. 

Let vi G 5 1 (f2) be the solution to the following Dirichlet problem for the Lapla- 
cian, 

— A^i = Avq, in Q, 

Vl\dQ = 0. 

In what follows we shall need Hardy's inequality, 

\f{x)/5{x)\ 2 dx < C [ \Wf(x)\ 2 dx, (4.4) 



where / G Hq(JI) and S(x) denotes the distance from x to the boundary of Q. 
The constant C in (14.41) depends only on the geometry of Q. 

We shall also need the following estimates, obtained in [2], 

!hlb(n) < CM^' 2 N- l f\ (4.5) 

\\vi\\i?w ^ CM^' 2 N- X ' 2 , (4.6) 

IIV^H^^) < CuiM^N^M^ 2 , (4.7) 

\\SVv \\ L 2 {n) < CM^-^N- 1 ' 2 , (4.8) 

and 

||*V(t* + v 1 )\\ L * {a) < CM^' 2 N-V 2 . (4.9) 

Next we would like to show the existence of a solution u\ G H l (Ji) to the magnetic 
Schrodinger equation 

L Auqi u 1 = in Q, (4.10) 

of the form 

ui = v + vi + n, (4.11) 
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INI^n) < CM {1 - n)/2 N~ 1/2 . (4.12) 
To that end, plugging (14. lip into (I4.10p . we obtain the following equation for r 1; 
L AlAl r 1 = -A x - D(v + vi) -m Al (vQ + Vi) - {A\ + q^vo + vx) in fi. 



Applying Proposition 12.31 with h > small but fixed, we conclude the existence 
of ri e H 1 (Q) such that 

llnllffirn) < • D(v + v t ) + m Al (v + «i) + (A? + gi)(v + Ui)||^-i(n). (4.13) 



Let us now compute the norm in the right hand side of (I4.13p . To that end, let 
i/> E Cg°(fi). Then using g^J and g2D, we get 



\{A X ■ D(v + ui),V)n| < ||Ai|| L <» ( n)||<JV(T;o + vi)||i2(n)||^/<y||£a(n) 
Using (14.51) and ( 14. 6ft . we obtain that 



(4.14) 



\(m Al (v + v 1 ),iP)q 
< ||^4i ||^o 



A(^o + v\) ■ Dipdx 



(4.15) 



and 



\((Al + q 1 )(v + v 1 ),^)a\ < CM^^N^UWh^. 



(4.16) 



The estimate 1Q2]) follows from fOH]) . (14141) . lQ5j) . and (14361) . 
Similarly, there exists a solution w 2 G H 1 ^) of L^—u 2 = in f2 of the form 



u 2 = v + Vi + r 2 , 



(4.17) 



where r 2 E H 1 ^) satisfies (14.121) . 

The next step is to substitute U\ and u 2 , given by (14.111) and (14.171) into the 
identity (14. ip . multiply it by M n ~ l and compute the limit as M — > oo. We write 

/ : = M"" 1 I i{A x - A 2 ) ■ («iVW - WiVu^dx = h + I 2 + h + h + is, (4.18) 
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where 



h = M' 1 - 1 [ i(Ai - A 2 ) ■ (v \7v^ - WVv )dx, 
Jn 

h = M"" 1 f i(Ai - A 2 ) ■ ( Ul VuI - u^VvJdx, 
Jn 

h = M n ~ x [ i(At - A 2 ) • ( Ul Vri - u&rjdx, 
Jn 

7 4 = M™" 1 / i(Ai - A 2 ) ■ (viVv^ - W[Vvo)dx, 
Jn 

h = M"' 1 f i(Ai - A 2 ) ■ (nVW - r^o)cfe. 

Let us compute lirriAf I\ . To that end we have 

Vv = (Vt7m(» + r} M (x)N(ir - V p{x))e N ^ x - p ^\ (4.19) 

and 

^oV^-WV^o = -2t V 2 M (x)e~ 2Np ^Nr. 
Thus, using the following formulas 

lim M n ~ l N [ e- 2Np{x) r] 2 M (x)dx = - [ r) 2 (x',0)dx' = -, 

M->oo J n 2 J R n-l 2 

f e -™K*)rf M ( x )dx KCM^N- 1 , (4.20) 
Jn 

obtained in [2], and the fact that A\,A 2 G C{VL), we get 

lim I x = 2((A 1 - A 2 )(0) ■ r) lim M^N [ r] 2 (x)e- 2Np{x) dx 

M-¥oo M-¥oo 

+ 2 lim M n ~ l N [ ((Ai - A 2 )(x) - (Ai - A 2 )(0)) ■ rr] 2 M (x)e- 2Np(x) dx 
M ^°° Jn 

= (A 1 -A 2 )(0)-r. 

(4.21) 

Now it follows from (O)) and fT4TT2"j) that 

KH^n) < CMt-WN-V 2 , j = l,2. (4.22) 

From the estimates 04.71) and f!4.22p . we obtain that 

|/ 2 | < M n ~ 1 \\A 1 - A2|U- ( n)(||ui||i2 ( n) + IMU2 (n) )||Vwi|| L 2 (n) < Cuj{M~ 1 ). 

(4.23) 
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By <KW\ and fl4T22|) . we have 

\h\ < M^WAi - A 2 || L o 0(f7) (||ni|| L 2 (n) ||Vr2|| L 2 (n) + ||« 2 ||i,a(n)|| Vri|| L 2(n)) 
< CN^ 1 = CM~ 1 u)(M~ l ). 

(4.24) 

Using the fact that V\ G Hq(VL), Hardy's inequality (I4.4p . and the estimates (I4.8p . 
and (14. 7p . we get 

\h\ < 2M n - 1 \\A 1 - A 2 \\ 

< CM^WVv.W^^VvoW^n) < Clo{M~ 1 ). 

Let us now estimate To that end we shall first obtain an estimate for 

||Vw ||x^(n)- We have, using 04.191) . 

\Vv,{x)\ 2 = e - 2N ^\\Vr lM (x)\ 2 - 2(V Vm (x)) ■ t ]m {x)NV P {x) 

+ V 2 M (x)N 2 (l + \Vp(x)\ 2 )) (4.26) 

< 2e- 2Ar ^|Vr /A ,(x)| 2 + 2e- 2N ^ V 2 M (x)N 2 (l + |Vp(x)| 2 )). 

By (14201) we get 

f e- 2Np{x) r] 2 M (x)N 2 (l + \Vp(x)\ 2 ))dx < CM l ~ n N. (4.27) 
Jn 

Next we have 

n— 1 / 

|Vr/ M (x)| 2 =M 2 J2 Ud yj ri)(Mx',Mp(x)) + {d XjP ){x){d yn ri){Mx' , Mp(x)) 

3=1 ^ 

+ M 2 (d Xn p) 2 (x)(d ynV ) 2 (Mx', Mp(x)), 
and therefore, using the estimates 



e- 2Np ( x \d yj rjf(Mx',Mp{x))dx < CM 1 ""^" 



n 



obtained in [21 Lemma 2.1], we get 

f e- 2Np( - x) \Vri M (x)\ 2 dx < CM 2 M l ~ n N~ 1 < CM 1 ~ n N. (4.28) 
Jn 

Thus, it follows from 04261) . (OTjl . and 0428]) that 

||Vwo||£a ( n) < CM^^N 1 ' 2 . (4.29) 
A direct computation also shows that 

IhlltfflHi) < CMC-"'/ 2 . (4.30) 

Let us extend A := A\ — A 2 G C(f2,C n ) to a continuous compactly supported 
vector field on the whole of M n . We consider the regularization A" = A * ^> T G 
C^°(lR n , C"). Here r > is small and \& T (x) = r _n \l/(x/r) is the usual mollifier 



DETERMINING A MAGNETIC SCHRODINGER OPERATOR 21 

with * e Co°(R n ), < ^ < 1, and / ^>dx = 1. Then the following estimates 
hold, 

\\A-A%oo (Rn) = o(l), r-+0, (4.31) 
II^A'Hroc^n) = 0(r- |a| ), r^O, for all a. (4.32) 

Let us consider 

J := M n_1 / A • nVvodx = Ji + J 2 , 
in 

where 

J x = M"" 1 [{A — A') ■ rxV^c/x, J 2 = M"" 1 / A« • nV^x. 
in in 

Using P5jl . ( jOSD , and (jOTjl . we get 

| Jx| < - ^lUoo^Hnll^^HV^olU^n) < C||A - A*|U=c (n) = o(l), 

as r — t- 0. To estimate J 2 , it is no longer sufficient to use the bound ( 14.2911 . and 
therefore, we shall integrate by parts. We get 

Jl — ^2,1 + i 2 , 2 + i 2 ,3; 

where 

J 2>1 = —M n ~ x [ (V • A^nv^dx, J 2i2 = — M n_1 / $ ■ (Vn)v^dx, 
Jn Jn 

J 2 , 3 = M n ~ l [ (A» • u) n ms. 

Jon 

By (jMD, (gUD , and (JP2]) . we have 

|J 2)1 | < Af n - 1 ||V->4«|U<» (n) ||r 1 || ia( n)||i;olU''(n) < Cr^iV" 1 , 

and 

|J 2>2 | < Ar-i^lU-^UVrilU^njUuoll^cn) < CW" 1 . 
Using the trace theorem, the estimates (I4.12p and (I4.30p . we get 

|J 2)3 | < CM"" 1 !!^ • v\\L°°( d n)\\ri\\m(n)\\vo\\LHdn) < CN' 1 ' 2 . 
Choosing r = iV -1 / 2 , we conclude that \ J\ = o(l) as M — > oo, and therefore, 

|/ 5 | = o(l), M^oo. (4.33) 

Hence, for J, defined by (OS]) , using ( fOTj) . f l4T23|) . f l4T24j) . fl4^5|) . and (Q3]) . we 

get 

lim J = (A 1 -A 2 )(0)-t. (4.34) 
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Furthermore, for u\ and u 2 , given by ( I4.1ip and (I4.17p . respectively, using ( I4.22p . 
we obtain that 



M 



n-l 



/ (A\ - A\ + q 1 - q 2 )u 1 u 2 dx 



<CM n - 1 \\u 1 \\ L2(n) \\u 2 \\ L2{n) <CN-\ 



(4.35) 

Thus, we conclude from (O) with the help of (Oil) and (14351) that {A 1 -A 2 ){G)- 
r = 0. The proof is complete. □ 
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